QUASINEUTRAL LIMIT OF THE EULER-POISSON EQUATION FOR A 
COLD, ION-ACOUSTIC PLASMA 
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1 Abstract. In this paper, we consider the quasincutral limit of the Eulcr-Poisson equation 

^ • for a clod, ion-acoustic plasma when the Debye length tends to zero. When the ion- 

acoustic plasma is cold, the Euler-Poisson equation is pressureless and hence fails to be 
Friedrich symmetrisable, which excludes the application of the classical energy estimates 
method. This brings new difficulties in proving uniform estimates independent of e. The 
main novelty in this article is to introduce new ^-weighted norms of the unknowns and 
to combine energy estimates in different levels with weights depending on e. Finally, 
that the quasineutral regimes are the incompressible Euler equations is proven for well 
(^ ■ prepared initial data. 

-)— > 

1. Introduction 

In this paper, we consider the Euler-Poisson equation for a clod, ion-acoustic plasma 

dtn + div{nu) ~ 0, (1.1a) 

t^ ■ (EP) { 5tu + u • Vu = -V(/), (1.1b) 
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eA(/) = e*-n, (1.1c) 



where n is the density of the ions, u = (ui, • • • , Ud) is the velocity field and is the electric 
^T ■ potential. Here e"^ is the rescaled electron density by the famous Boltzmann relation and 

e <C 1 is a small parameter representing the squared scaled Debye length e = eoksTe/Noe^L^, 
where eo is the vacuum permittivity, L is the characteristic observation length and T^ is the 
average temperature of the electrons. For typical plasma applications, the Debye length 
is very small compared to the characteristic length of physical interest and it is therefore 
necessary to consider the limiting system when e — >■ 0. For more physical background of the 
?H ■ Euler-Poisson equation or the ion-acoustic plasma, one may refer to [121I22] • 

Formally, when letting e — > 0, we obtain from the third equation in ()1.1|) that = Inn, 
and hence the following compressible Euler system 

Un + d^vinu)=0, 

|atu + u- Vu-hVlnn = 0. 

This limit system (|1.2p is an hyperbolic symmetrisable system, whose classical result for the 
existence and uniqueness of sufficiently smooth solutions in small time interval is available 
in [14]. The system (|1.2p have to be supplemented by suitable initial conditions. We shall 
assume that the plasma is uniform and electrically neutral near infinity, i.e., n — >■ n and 
u — >• as a; — >■ ±oo. More precisely, let n be a smooth strictly positive function, constant 



2000 Mathematics Subject Classification. 35Q35; 35B25; 35C20. 

Key words and phrases. Euler-Poisson equation; Quasineutral limit; Compressible Euler equation. 

This work is supported by NSFC (grant 11001285). 

1 



2 X. PU AND B. GUO 

outside X G [—1, +1], going to n"^ as x ^ oo. We assume that the initial conditions (tiq, Ug) 
satisfy 

(ng - n) e H'{M.'^), w° e W{M.'^), nl>a> 0, (1.3) 

for some s > 3/2 and some constant cr > 0. 

Theorem 1.1. Let (nQjUp) e iJ" x 7f* 6e initial data with s' > | + 1 anrf satisfy (|1.3p . 
T/ien t/iere exists T > 0, maximal time of existence and a solution (nP^u^) of (|1.2p on 
< ^ < 2^ wi/i initial data (nQ,Ug) such that u" and n^ — h are in L°°([Q^T'\) for every 
T' < T. Furthermore, 

(n",u°)e (ci[0,T];H'') x Ci[0,T];W')] f](c\[0,T];H''~^) x C^([0,T]; ff '" 

and T depends only on || (tt-qi ^o)IIh-'' xH»-' ■ 

Remark 1.2. For the maximal existence time T , either T = oo in the case of global existence, 
or T < oo and the solution blows up when t — ^ T : 

1 /■* 

limsup(||u"||ioc, + ||n"||L=c, + II^IIlc + / (||a,u"||ioo + ||a,n"||ic.)dr) = oo. (1.4) 

t^T n^ Jo 

Therefore, we will work on a time interval [0,r'] for T' < T (but arbitrary close to T) in 
order to insure < cr' < n'^{t, x) < a" for all {t, x), for some constants cr', a" > 0. Here, a' 
may approach to as T' goes to T . 

Let us define (jP = Inn". The main result in this paper is the following 

Theorem 1.3. Let s' e N with s' > [|] +2 be sufficiently large. Let (nj^, uj]) £ i/"' x H''' and 
{n^,u^) be the solution of the limit system (jl.2p on [0,T) with initial data (uq^Uq), given 
in Theorem \L1\ Then there exists solutions (n^(i), u'^(i)) of (jl.ip with the same initial 
data on [AjT*^) with lim inf e_>o T'^ > T. Moreover, for every T' < T and for every e small 
enough, e'^in" -n°) and e-i(u^ - u") are bounded in L°°([0,T']; H") and L°°{[0,T'];W), 
respectively, for some s < s' . 

Without essential difficulties, we can show that the same result holds on the torus T = K/Z 
or equivalently on [0, 1] with periodic boundary conditions following the method in the 
present paper. 

Before proving this theorem, we make several remarks on the background of the Euler- 
Poisson equation and the development of its quasineutral limit. The more general isothermal 
Euler-Poisson equation for ion-acoustic plasma has the following form 

dfU + div{nu.) ~ 0, (1.5a) 

T 
9tu + u- Vu+— Vn = -V0, (1.5b) 

n 

eA(/) = e''' ~ n, (1.5c) 

where Tj > is the ion temperature. When T^ = (comparing with the electron tempera- 
ture), this equation reduces to (|l.ip for the cold, ion-acoustic plasma. For (|1.5p (with fixed 
Ti > 0), Cordier and Grenier [2] showed the quasineutral limit as e — > by using the pseu- 
dodiffcrential energy estimates method of [6]. It is shown that, under suitable conditions, 
the solution of ()1.5p converges to the following Euler equation as £ ^^ 




div{nu) = 0, 

u- Vu+(Ti + l)Vlnn = 0. 

However, as far as wc know, there is no quasineutral limit result for (jl.ip so far. The main 
difference between (jl.ip and (|1.5p is that (|1.5p has the pressure term T^Vlnn, which is 
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crucial in proving the quasineutral result of the Euler-Poisson equation (|1.5p . With this 
term, the hyperbolic part of (jl.Sp is Friedrich symmetrisable and the general framework of 
pscudodiffcrential operator energy estimates methods of Grenier [B] can be applied. One may 
refer to [2] for more details of application of this method in treating the quasineutral limit of 
p.Sp . But without the pressure term, as is the case in the present paper, since the hyperbolic 
part (the equations (|l.lal) and (jl.lbp ) of (|l.ll) is not symmetrisable, the pscudodiffcrential 
energy method cannot apply and no quasineutral limit can be drawn without introducing 
new techniques. 

For the Eulcr-Poisson equation (jl.Sp . Guo and Pausader [8] constructed global smooth 
irrotational solutions with small amplitude for this equation with fixed e > and T^ > 0. 
Very recently, Guo and Pu [5] derived the KdV equation from (jl.Sp for the full range of 
Ti > 0, and Pu [16] derived the Kadomtsev-Petviashvili II equation and the Zakharov- 
Kuznetsov equation via the Gardner-Morikawa type transformations. Guo et al [71 made 
a breakthrough for the Euler- maxwell two-fluid system in 3D and proved that irrotational, 
smooth and localized perturbations of a constant background with small amplitude lead to 
global smooth solutions. We also would like to remark that Loeper |13| proved quasineutral 
limit results recently for the electron Euler-Poisson equation without pressure term and the 
Euler-Monge- Ampere equation, whose method is different from ours and cannot be applied 
to our situation. For numerical studies for the pressurelcss Euler-Poisson equation ()l.ip , the 
reader may refer to a recent paper of Degond et al [3] , which analyzes various schemes for 
the Euler-Poisson-Boltzmann equation. For more results on the quasi-neutral limit results 
of the Euler-Poisson equation and related models, one may refer to various recent papers 
and the references therein, see [Tlll[5l[10l[15l[17l[18l[20l[21] to list only a few. 

The next section is devoted to the proof of Theorem 11.31 For this purpose, we write the 
solution of (jl.ip as n^ = n'^ +en^ and u^ = u*' -|-eu^ and consider the remainder system (R^) 
of n-^ and u^. The main idea is then to show that {n^, u^) is uniformly bounded in H'^ x H^ 
when e — > 0. To overcome the difficulty of non-symmetrisability of (jl.ll) . we introduce some 
triple norm ||| • \\\e.s 



\n 



.1|||2 ||,,1||2 , ,iiv7,,l||2 



U L „ = U 



6,s ~ll" \\H- - 

|2 -IUl||2 I ^!l J,l||2 , ,2|| A J,l||2 
\e,s ^\\P \\h= ' 



Vu^lll,., (1.6) 

and then show that |||(n^, u^, 0^)|||£^s is uniformly bounded on some time interval indepen- 
dent of e. The main novelty of the proof is then to combine the s-order energy estimates with 
the (s -|- l)-order energy estimates with weights 1 and e. By such a combination, we obtain 
some Gronwall type inequality for |||(n^,u^, ^^)|||e_s, which enables us to obtain uniform 
estimates independent of e. This method could be useful in treating the quasineutral limit 
for the pressurelcss electron Euler-Poisson equations. 

We introduce several notations. We let L^ denote the usual Lebesgue space of p-th. 
integrable functions normed by || • \\lp- When p = 2, we usually use |j - || instead of || • 11^2. 
The Sobolev space H', s £Z, s>Ois defined as //"(R'^) = {/(x) : J2\a\<s P"/IP < °°}-^ 

where a = (ai, • • • ,ad) is a multi-index, \a\ = ^ a^ and d" ~ of u^ . H^ is a Banach 

Oil ■■■"a'd 

space with norm ||/||hs = {J2\a\<s ll^"/ll^)^^^- For definiteness, we will restrict ourselves to 

the physical space dimensions d < 3 in this paper. 



2. Proof of Theorem 11.31 

The purpose of this section is to prove Theorem 11.31 Let {n^ ,u'^,(j)^) satisfy the Euler- 
Poisson equation (jl.ip . and (?i°, u°, 0°) be a sufficiently smooth solution of the Euler equation 
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(fOl) . We let 

n^ = n°+en\ u^ = u° + eu\ 0^ = 0° + e(/)\ (2.1) 

Here (j>^ and n^ satisfy the Poisson equation (|l.lcp and indeed cj)^ can be solved via cj)^ = cj)^ [n^] 
and 0*' = In 77°. Then (n^, u^, (j)^) satisfy the remainder system (Re)- 

{dtn^ + V • {n°v} + M^n^) + eV • {n^v}) = (2.2a) 

dtVi^ + uO • Vui + ui • VuO + eui • Vu^ = -V^^ (2.2b) 

-eA0i = A0° + n^ - n"0i + Ve^\ (2.2c) 
where 

i?l = £-3/2(^0 ^ ^^0^1 „ e0°+e0^)_ (2.3) 

To prove Theorem 11.31 we need only to derive some uniform bound for the remainder 
equation (|2.2p . To slightly simplify the presentation, we assume that (|2.2p has smooth 
solutions in a small time T^ dependent on e. Let C be a constant to be determined later, 
much larger than the bound of ||(nJ,UQ, 0j)||s, such that on [i),T^] 

sup ||(n\u\(/«i)||H. < C. (2 A) 

[o,T,] ^ • ' 

We will prove that T^ > T as e — s- for some T > 0. Recalling the expressions for n and u 
in (|2.1I) . we immediately know that there exists some ei — Si{C) > such that on [0,T^], 

0-72 < n" < 2ct", |u"|<1/2, (2.5) 

for all < e < £1. 

2.1. Estimates for i?i. We first bound R^ in terms of 0^. More precisely, we have the 
following 

Lemma 2.1. Let (n*^, u", (/)*') be a sufficiently smooth solution of (|1.2p by Theorem \1.1\ 
Then for the remainder term p.3p . we have on [0.,T^] 

\\R^\\H>'<C{V~eC)W\\H>^, and 

\\dtR^\\m<C{^eC){U^\\H^ + \\dtct^^\\H^), yk>0. 

In particular, there exists some ei > and Ci = C(l) such that 

WR^Wm <CiU^\\h^, and 

WdtR'Wm <Ci{W\\m + \\dt4>'\\m). Vfc > 0, 

for ah < e < £1 and t e [0, T^]. 

Proof. From the Taylor expansion in the integral form, we have 

R'=e^'^e^° C e''^\l - e)de{c^^f . 



(2.7) 



By taking L norm, we have 



/.111 ii^ii 



From the continuity assumption (|2.4p . we have ||0^||l°= < CC on [Q,T^] and hence 

W\\L-<C{^eC)\\4>^\\L-, Vte[0,T,]. 
By applying 9" with jaj = /c, fc > 1 integers, similar estimates yield 

||i?'!lH^<C•(^/iC)||0l||^.. 
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Taking dt to R^ and then taking the H^ norm, we obtain 

Finahy, choosing ei = (l/C)^ yields ((2J)) . D 

2.2. Elliptical estimates. The following lemmas provide useful estimates between n^, u^ 
and (f>^. These will be used widely in the uniform estimates in the next subsection. 

Lemma 2.2. Let (n^,u^,0^) be a smooth solution for the remainder system (Re), and a 
be a multiindex. There exist ei and C such that for any < e < ei and any multiindices a 
with |q;| = fc > 0, there hold 

\\d>^f <C + CU^\\]j. + Ce^ll A0i||^., and 

on the interval [OjTg]. 

Proof. Taking the LF' inner product of (|2.2cp with 0^ and then integrating by parts yield 

e\\V4>'f+ ln''\cp^\'= L'A^^+ fn^q,'+V^ U'R\ 

Hereafter, J = J^^ ■ ■ ■ dx. As n° > cr' > for t < T' < T , we obtain by Young's inequality 

e|lV0i|p + a'UT < ^UY' + ^(l|A0"ir + \\n'r+ e\\R^'). 

4 (T 

From Lemma [2. 1[ there exists ei > such that j|i?^|| < Ci||0^||. Then by choosing a new 
smaller ei such that ei < j^jq-, we then have for any < e < ei that 

£||V0i||2 + a'i|0i||2<^(l + ||ni||2). (2.8) 

a 

Similarly, by taking the L^ inner product of (|2.2cp with eA(j>^ and integrating by parts, we 
obtain that 



e^\\A^^f + e /"n°|V0Y = -e f A^°A^Ye f n^A^^ 



which yields for any < £ < ei for some ei > that 

e2||A0i||2 + ea'W^cj,^ < C{1 + Hn^lp), (2.9) 

as 77," > cr' > for i < T' < T, where the constant C depends on a' . By combining (|2.8p 
and (|2.9p together, we easily obtain that for any < e < ei: 

e''\\A4>Y + £a'||V#||2 + ||0i||2 < C(l + \\n^f), 

for some constant C depending on a' . On the other hand, by taking the i^ norm of (|2.2cp . 
we obtain that for any < £ < £i: 

\\nY <e^\\A4>Y + WnYL^U'f + W^^Y + 4RY 

<C{l + \\4>Y+e^^^Y). 

thanks again to Lemma [2.11 where C depends on a" and Ci. Therefore, we finishes the 
proof when fc = 0. Higher order estimates can be handled similarly, and we omit further 
details. D 
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Lemma 2.3. Let (n^,u^,0^) be a smooth solution for the remainder system (Re), and a be 
an integer. There exist e\ and C such that for any < e < ei and any multiindices a with 
\a\ = k, there holds 

Wdtn^f < C(l + ||ui^.+, + UYh''+^+^^\\^<I>'\\W), (2.10) 

on the time interval [0,Te]. 

Proof. We take the L^ norm of (|2.2ap to obtain 

\\dtn^^ <Cin'\\h^ + \\nTm)+s^i\\n'\\l^\\Vu^' + \\um^\\VnY) 

<Cil + sHWn'WU + l|ui||i.))(||ui||^. + WnYm), 

for some constant C depending on (n*^, u"). By the continuity assumption (j2.4p and Lemma 
12.21 we have 

WdtnY <C{1 + e'C){l + ||ui||2j, + U^Wl, + e^Acf,^rm), 

for any < £ < ei, for some £i > 0. 

Higher order inequahties are proved similarly. Taking d" with |a| = fc > 1 to the equation 
(|2.2ap . and then taking the L^ norm to obtain 

<C{l+e'{\\n'\\U + \\n'\\l^m\\u'fn.,^ + ||r.i|| WO 

for any < £ < ei, for some ei > 0, where we have used the multiplicative estimates in 
Lemma lA.ll D 

Lemma 2.4. Let (n^ ,u^,(j)^) be a smooth solution for the remainder system (Re), and a be 
an integer. There exist ei and C such that for any < e < £i and any multiindices a with 
\a\ = k, 

Wd'^dt^'W^ + s\\d''Vdtq>'\\^ + s^Wd'^Adtcly^W^ < Cil + Wd'^dtn'f + U'Wl,), 

on the time interval [0,Te]. 

Proof. Taking dt of (|2.2cp . we obtain 

-eAat^i = Adt<p° + dtn^ - dt{n°(t>^) + ^/i(^ti?^ 

Taking L^ inner product with dt4>^ and then integrating by parts, we obtain 

e||V9t0i||2 + fn°\dtc^'\^ ^ j dt4>\Adt(jP - dtn°cf>^ + dtn' + V^OtR^). 

As n" > cr' > for i < T' < T, we have by Holder inequality 

e||V9t0i||2 + a'l|a,0i||2<^j|at#||2 

+ ^{\\Adt^'>\\^ + Wdtn^Wl^UY + \\dt7A\'^ + eWdtR'f) 

<T\\9tcb'f + ^{C + CU'f + \\dtn'f + e\\dtR'f). 
4 a' 

By choosing a small £i > such that 16Ci£i < cr'^, we then have for any < £ < £i that 

& 
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thanks to Lemma |2. II Similarly, by taking inner product with eAdfcf)^, we obtain 

e'WAdt^'f + a'e\\dt^'\\' < ^{1 + U'f + \\dtn'\\'). 

a 

Adding them together, we obtain that for and any < e < ei for some £i > 0, 

\\dt<f>'\\'+e\\\/dt<l>f + e^Adt^'\\'<C{l + \\dtn^l, + Um,), 

for some constant C depending on a' . Higher order estimates can be treated similarly and 
we obtain for any a with |a| = fc that 

for some constant C depending on cr'. D 

By recalling Lemma |2.3[ we have the following 

Corollary 2.1. Let (71^, u^, 0^) be a smooth solution for the remainder system (Re), and a 
be an integer. There exist ei and C such that for any < e < ei and any multiindices a 
with \a\ = k, 

\\d"dt(l)^f + e\\d"Vdt(i)^f + e'^\\d°'Adt(t)^f 

on the time interval [Q^Te]. 

As a direct consequence of Lemma 12. 1[ Lemma 12.41 and 12. 3[ we also have 

Corollary 2.2. Let (ri^,u^,0^) be a smooth solution for the remainder system (Re), and a 
be an integer. There exist ei and C such that 

\\dtR'\\H>'<C{l + \\\{u\^^)\\\e,k+l), 

for any < £ < ei and any multiindices a with \a\ = k. 

2.3. Estimates of the s order. In this subsection, we give several estimates at the s 
order. However, the 7J*-norm of the solutions depends on the iJ^+^-norm and hence cannot 
be closed until the next subsection. The main result in this subsection is Proposition [^Hl In 
the following, 7 > will always denote a multiindex with I7I = s. 

Lemma 2.5. Let 7 > 6e a multiindex with \j\ ~ s, {n^,u^,4'^) be a smooth solution for 
the system (|2.2p . There exists £1 > and C > such that 

<C(1 + eS|||(u',0')|||i5)(l + |||(u',0')|||f,. + |||(u',0')|||f,3), 
for any < £ < £1. 

Proof. Let 7 be a multiindex with I7I = s > 0. Taking d'' to (|2.2b|) . we obtain 
dtd"'u^ + o>'^(u" • Vu^) + 9''(ui • Vu°) + e^'^Cu^ • Vu^) = -d^VcjjK 
Taking L'^ inner product with d'^u^, we obtain 

- /"a''(u°-vui)a'^ui- /"a'^(ui-vu")9'^ui 

= : L + LI + LIL + IV. 



(2.11) 



(2.12) 
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• Estimate of the fourth term IV . 
The term IV can be bounded by 

IV <C\\d''{u^ ■ Vu")||i,2||<9'^ui|li2 

<C(i|ui||H-,||Vu°|Uoo + \\Vu^\\hA\^'\\l^)\\^'\\h^ (2.13) 

<Ci\\u'\\l. + \\u'\\U, 

where we have used the commutator estimates (jA.ip . the Sobolev embedding H^ ^^ L°° 
when d < 3 and the fact that (71°, u°) is a known smooth solution of the Euler equation p.2p 
by Theorem O 

• Estimate of the third term III . 

By integration by parts, the third term /// can be rewritten as 






(2.14) 



2 
By using commutator estimates (jA.l[) . we obtain 



f[d'',u°]-Vu^d''u^ 



<C\\[d\n'>]-Vu'\\L2\\d'^u'\\L2 



where we have used the Holder inequality and the Sobolev embedding H^ ^-> L°°. This 
yields the estimate 

III<C{\\n^\\ls + \\nYHs), (2.15) 

since the first term on the RHS of p.l4|) is bounded by C|ju-'^|||^s. 

• Estimate of the second term II . 

Similar to the estimate of ///, we have by integration by parts that 

<Ce||V-ui|U^,||9^ui||i. (2.16) 

+ C£(||Vui|U»||Vui|U.-i + ||Vui|U=.|lui|U0l|5^ui|U. 
<Ce||ui||ff3i|ui|||,.. 

• Estimate of the first term I . 

By integration by parts, the term / in p.l2p is rewritten as 



/= j d^(t)^d^V -u^. 



To handle this term, we note that from the remainder equation (j2.2ap . 

+ d^{{u° + eu^) • Vn^ + u^ • Vn°) + d'^{n^'^ ■ u°) = 0. 



(2.17) 



QUASINEUTRAL LIMIT OF THE EULER-POISSON EQUATION 



Inserting this into /, we obtain 

J ?i" + £71^ J TV' + en^ 

d^<t>' ra. , liv. 1 f d^<t>' 



9^^' oo.__i f d^^^ o..., 



J 7^0 + en^ ' J n^ + en^ ' ^^■ 



18) 



5 



i 7iO + e7ii ^ ' ^ 

In the following, we estimate I3 ^ I5 while leaving the estimates of /i and I2 to the next 
lemmas. 

For I3, we have 

/3 <C||a^0i|U2(||V(n" + £ni)|U=c.||V • u^iln-i + \\n° + en^\\H4^ ■ u^lU-) 

<C||0i||H.'(||ui||ff. + i|ui!|^3) + Csi\\n'\\H^ + \\u4H^)U'\\H4\\n'\\Hs + Wu^h^) 

<C{l + e\\{n\u^)\\H^)\\{n\u\cP^)rH.+C\\uYH^,, 

where we have used the Holder inequality, commutator estimates (|A.ip and the fact that 71° 
and 71° + £71^ are bounded from above and below by positive numbers when £ < £1 is small 
enough in (|2.5p . 

For /4, directly applying the Holder inequality and Lemma I A. II viclds 

Similarly, I5 can be bounded by 

l25<CUYH^+C\\nYH^+C\\nYH^.. 

Summarizing, we have that 

I<h+l2 + C\\{n\u')fHS+C{l+e4{n\u')\\l,)\\{n\u\c^')fHs. (2.19) 

To end the proof of Lemma [^31 we need to get suitable estimates for /i and h- However, 
this is not straightforward and to make it easier to read, we leave the proof to the next two 
lemmas. D 

Lemma 2.6. The term of I2 in (|2.18p is bounded by 

/21<C(l+£3|||(u\0l)|||34)(l + |||(u\0l)|||^,, + |||(u\0l)|||^,3), (2.20) 

for some constant C > and for all < e < Ei. 

Proof. First, we observe that I2 in ()2.18p can be decomposed into 

J n'^ + en^ J n^' + en^ 

By commutator estimate (jA.ip . 

/22<C||0^<^l||(||Vu"+£Vul|U.o|lV7ll|lH-,-l+|lu"+£ul|U.|lV7ll|U=e) 

<CU'\\Hsi\\n'\\H^ + \\n4m) + Cei\\in\u')\\Hs)U'\\Hsi\\in\u')\\H^) (2.21) 

To treat /21, we first note that from the remainder equation (|2.2cp . 

d-fyn^ ^ V9'^(nV^) - ed'-'VAcf)^ - d'^VAcf)" - y/Id^VR\ (2.22) 
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Hence /21 is accordingly divided into 

J 71° + £7ll V Y- y J ^0 _|_ £„1 



• ^'^^'^^ + ^ X;J • ^^Vi?^ (2.23) 



4 



j=i 

For the first term I211, we have 

4 /v.f=¥^)i«vi- / ^t;i"::j"'' ^[^v-»iv/^ 



27 ^71" + en^ / J rfl + en 

By direct computation and Sobolcv embedding, we have 



\ n^' + en^ J 
which yields 

/211 <CUTH^+Ce^\\nYHS + \\u^j,.)U'rH.+C\\d''q^'\\h- 

•(l + £J|uijU.o)(||Vn"||i=.||V0i||ff.-i + ||n"||«.||V0i|Uoe) (2.24) 

<Cil+s'{\\n'\\j,s + \\nYH.m<l>'\\h+CU'\\l., 
thanks to the commutator estimates (jA.ip . For I212, by integration by parts, we obtain 

J nV + en^ 

^ _ r (u" + eu|) ^ ^,^ g - e / V( ^"" + ""!^ )a^0^ ■ a^ VV0^ 

27 71^' + £71^ J 77,*^ + £77^ 

By direct computation and Sobolev embedding H^ ^-> L°°, we have 

i|V • ( ^"l+^"i^ ||Loo <C + C£^(||7^1||^3 + ||U1||?,3) 

iiv^( ^"°:^^"!^ iiLoo<c+cs^(ii7^^f^.+iiu^f^.), 

which yield 

hi2<C{l + eH\\{n\v})\\%.)){\mi.+e\\V<i^'\\l.). (2.25) 

For /213, by Holder inequality, we obtain 

/2i3<C(l + ||ui||i. + ||0i||l,.)- (2.26) 

For /214, by integration by parts, 

7 ^ nP + en^ ' J nP + en^ 



I, 



214 
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By using Lemma |2.1[ we obtain 

+ C{l + e\\u'U^){U'\\h+e\\y<P'\\h) (2.27) 

<Cil+e\\iu\n')\\Hs){U^j,.+s\\V^YH^). 

By ([Z;23l) and putting ((2?24| - ((2?27| together, we obtain 

l2i<C + C\\{n\u\cf,^)\\ls 

+ C(l + £3||(„i,ui)||3,,)(|l(n\u\0i)||l,. +£||V<^i||l,.) (2.28) 

<C(l+e3|||(u\^i)|||y(l + |||(u\,/.i)|||^,, + |||(u\0i)|||y, 

where we have used the definition of the norm 1 1 1 • 1 1 |e,s in (|1.6p and Lemma [2?2] to replace the 
norms of n^ with the norms of (j)^ , By putting (|2.2ip and p.28p together and using Lemma 
we obtain (|2.20p . This ends the proof of Lemma 12.61 D 



Lemma 2.7. For Ii in (|2.18p . we have the estimates 

2dt J n^' ' 2dt J n"^ ' 

+ C(l+e3|||(ui,</>i)|||3^)(l + |||(u\0i)|||^_, + |||(u\0i)|||2_3). 

Proof. From the remainder equation (j2.2cp . we obtain 

d-^dtn^ = d-'dt{n°(t>^) - ed'-'dtA<j)^ ~ d^dtl^ctP ~ ^d^dtR^. (2.29) 

In this way, we can divide /i in (j2.18p into the following 

d''4>^ n-.o . .1 f d''^^ 



h=e 



iv' + en^ J n" + en^ 

,1 r «7^i 



/ n*^ + en^ J rv' + en^ ^-^ 

z— 1 

In the following, we treat the RHS terms of (|2.30p one by one. 
• Estimate of I12 ■ 
For the term /12, we have 



(2.30) 



„^9n0^a.nO)- /^g:^a.a^0^- /^^[5^.O]5.0^ 



n" + en^ ,/ n" + en 

3 



-E^: 



12i- 
i=l 



For the first term /121, since 71° is known and is assumed to be smooth in Theorem 1 1.1[ we 
have 

/i2i<qi<^'||'H., 



12 X. PU AND B. GUO 

thanks to the multipUcative esthnate m Lemma I A. II For the second term /122, by integration 
by parts and Lemma [^751 we have 

1 d 



^- — -oil ;3^^l^>^l^ + -. ^^(;;Ff7rT)l5>^l^ 






-|9VP + c(i + £||atni|Uo.)||aVlli. 



2dt J n° + en 

< - ^1 / ^^O^I^VP + G(l + ^'III(U^ ^^)llle%)ll</'^lll.», 

where we have used the Sobolev embedding H^ ^-> i°° for d < 3. For the third term /123, 
by commutator estimates in Lemma [A. 1 1 and Lemma [2.31 we have 

/i23 <C\\d-'^'\\L2{\\Vn'>\\L^\\M'\\H^-i + Wn^^WnAldt^'h^) 
<Cil + \\\{u\<p')\\\l^ + \\\iu\q>')\\\l,). 
Summarizing, we have 

'"'--lil^^^O"*'^' (2.31) 

+ C(l+£^|||(u',0l)|||i3)(l + |||(u',*')||||., + |||(u'.*')lll|.3)- 

• Estimate of /13 . 

For the term /13, since (fP is known and smooth, it is easy to obtain 

Ii3<C{1 + UTh^). (2.32) 

• Estimate of /14 . 

For the term /14, by integration by parts, we have 

J TV' + en^ J n" + en^ 

where 71 < 7 is a muhiindex with |7i| — 1. By Lemma [2^ CoroUarv l2.2l and the definition 
of the triple norm ||| • |||e_s, we have the bound 

<C||5*i?i||l,.-i+Ce||V0i||i, +C(l + £2||„i||2^3)||0i||2^, (2.33) 

<C(l+e2|||(u\</)i)||L?,3)(l + |||(u\0i)||L?,J. 

• Estimate of In. 

We next deal with the term In in (|2.30l) . By integration by parts, we have 



/i 1 = - £ 



J ?r' + en^ J tv' + en'^ 



s d f 1 ,„, ^2 £ f .^ , 1 



2dtJ rfi + en^^ ' 2] ^rfi + en^'^ ' 

- ^ / ^(^r^ 1 )^''<^' ■ 5*5^V0^ =: /ill + /112 + /113. 

J TV' + en^ 

Since from Sobolev embedding and Lemma |2.3[ wc have 



\\dt{^r—-i)\\L-^C{l + e\\dtn^U^)<C{l + e^\\\{n\<P^)\\\l^l 
Tv' + en^ 
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it is immediate that 

/ii2<C(l + £'|||(u\0i)|||l3)(e|15''V</.if). 
For the term /113, we have by integration by parts, 

/„3 =£ /a( . ^ ^ )d^c^^dtd^q^^+e /v( „ ^ J 9^V0^9t5>^ 
J n'^ + en'- J ri" + en' 

d^'A{—)d'^(j)^dtd''-''"(j)^ - e [ A{—)d'^+'^'<l)^dtd'^-'''(f>^ (2.34) 

n^ J n^ 

J n" J n" 

where 71 < 7 is a muhiindex with |7i| = 1. By direct computation, Holder inequahty and 
Sobolev embedding H^ M- L°°, it is easy to obtain 



<C(l+eH|||(ui,0i)|||H ) 



(2.35) 



(2.36) 



,-2+\a\> 

for any smooth function n° and any muhiindex a, thanks to Lemma[221 On the other hand, 
from Lemma 12.41 and Lemma 12.31 we obtain 

llft^^-^V^IIi^ <C{1 + U'Wls-^ + |lftni||?,._0 
<C(l + |||(u\</)i)|||^J. 

Since the order of the derivatives on vP /{nP + en}) in (|2.34p does not exceed 3, by using 
Holder inequality, p.35p and p.36p . /113 can be bounded by 

/ii3<C(l+e3|||(ui,</>i)|||3 5).e(||aVl|L^ + l|5^+">'llL^ 
<C{l+e^\\\{v}A^)\\\l,,)- 

■ iW^'wl.+eWd^vd^'wl.+e^d'^Acp^wl, + ||a,5^-^v'lli0 

<C{l+e^\\\{n\4>')\\\h){l + \\\{^\<t^')\\\ls), 

where we have used the definition of ||| • \\\e,s in (|1.6p and the L^ boundedness of the Riesz 
operator [12]. To be more precise, there exists some constant C > such that ||9i9j0^|| < 
C||A(/)^|| since didj = —RiRjA, where Ri is the i*'* Riesz operator. In particular, we have 

l|va'^+'^i(/)i|| <c||a'^A</)||. 

Summarizing, we have 

/ii=-f|/;^|a''V</)T + C(l + e-^|||(ui,0i)|||35)(l + |||(ui,</)i)|||2j. (2.37) 

By (jOni) and the estimates of (P3T|) . ((^3^ , f^L^ and P37| . we have 

, -I 

+ C(l+e3|||(u\</)i)|||35)(l + |||(u\0i)||L?,, + |||(u\0i)|||?_3). 
This ends the proof of Lemma 12.71 D 

Now, we can end the proof of Lemma 12.51 



^ - o j^ / „^ I ^ I 2dt J n"^ ^ 



End of proof of Lemma[KE The proof of Lemma [13] is closed by ([^T^ . ([^l^ . ([^J5)) . 
([236]) . ([2l9| and Lemma [2l] and [O D 
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Proposition 2.1. Let s > be a positive integer, (ti^, u^, i/)^) be a smooth solution for the 
system (|2.2[) . There exists ei > and C, C" > such that for any < e < ei, there holds 



\\u\t)\\%. + u\t)rH.+e\\v<t>\t)rH. 

<C'i\\u\0)\\%. +U\0)\\%. +e\\V<t>\0)\\U 

+ C Al+e3|||(u\</)i)|||35)(l + |||(u\0i)|||^,, + |||(u\^i)|||23)dr. 
Jo 



(2.38) 



where C depends only on a' and a" . 

Proof. This is shown by integrating p. lip over [0,t] and summing them up for I7I < s, 
and then using a' < n'^ < a" and ^ < n^ < 2cr" for any t S [0,T^] in (|1.4|) and ()2.5|) for 

0<£<£i. D 

However, this Gronwall inequality is not closed since the right hand side of (|2.38p depends 
on e^ll A(/)^|||fs, which does not appear on the left hand side. This will be treated in the next 
subsection. 

2.4. Weighted .s + 1 order estimates. In the following, we also let 7 be a multiindex with 
I7I — s. The main result in this subsection is Proposition 12.21 



Lemma 2.8. Let s > be a positive integer, {n^, u^, (f)^) be a smooth solution for the system 
p.2p . There exists ei > and C, C" > such that 



/i^^'-'i'^-ls/i^i^^'^'i^-Ts/;?!^^^*"^ 



e d 

2 di y I" ■ " I - 2dt J n^'" ' ^ ' 2 dt J n'^' "^ ' (2.39) 

2|||/„1 j,1mi|2 \/i I |||,',,1 i.lM||2 I |||/„1 j,1mI|2 



+ C(l + £l||(u\0^)|||^J(l + |||(u\<^^)|||^^, + |||(u\0^)|||^,3), 

for any < £ < £1. 

Proof. Let 7 be a multiindex with I7I = s > 0. Taking d'^ in the second equation of 
we obtain 

dtd"'u^ + d"'{u" ■ Vu^) + d^'{u^ ■ Vu°) + ed"'{u^ ■ Vu^) = -d"'\/<l)\ 

Taking L^ inner product with — £9'''Au^, we obtain 

+ e f 9''(u° • Vui)9''Aui +e f d^{u^ ■ VvP)d''Au^ 
= : 1^ + XL" + LIL^ + LV\ 

• Estimate of IV^ . 
The term LV^ can be bounded by 

= - £ /" (aT(Vui • vu°) + a^(ui • v^u^)) a^vu^ 

<C£(||9^(Vui • Vu")||i2 + \\d-'{u^ ■ V2u")||i.) + C£|19^Vui|li. 
<C{\\u'\\l.,+e\\VuY„^ + \\u'\\ls), 



(2.40) 



(2.41) 
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where we have used the commutator estimates (|A.ip . the Sobolev embedding H^ ^-> L°° 
when d <i and the fact that n" and u° are known smooth solutions of the Euler equation 
(USD by Theorem O 

• Estimate of IIP . 

By integration by parts, the third term IIP can be rewritten as 

IIP ==e / u° • va^u^a'^Aui + £ f[d^,u"] ■ Vu^^'^Au^ 

-£ JY. ^7 ^"u" • d^'^y^n^ ■ 9^Vui ^ e I Y. C7 ^^Vu^ • d^-^^n^ ■ aWu^ 

•^ 13=1 •' /3 = 1 

= : 1 1 If + ///| + nil + ml 

where u*^ = (mJ, • • • , w^) ^^'^ ^^ = ('^i; ' ' ' i ^d) ^^'^ ^^ have used integration by parts twice 
in the third equahty. For 1 1 If, ///f and ///f, we easily obtain 

\III!,IIII,IIII\<Ce\\VuYH'. 

For nil, by Holder inequality, wc obtain 

|///|| < Ce\\u'\\Hs\\Vu'\\H-^ < Ci\\u'\\l.,+e\\Vu'\\U. 

Summing them up, we obtain 

\IIP\< CiWu^m.+eWVu'WU. (2.42) 

• Estimate of IP . 

For the second term IP , by integration by parts, we have 

IP =e^ I u^ • d''Vu^d^/^u^ + e^ f[d^,u^] ■ Vu^^'^Aui 

- e^ f[d'', Vu^] • Vu^ • a'^Vu^ - £2 f[d'', u^] • V^u^ • ^'^Vu^ =: Y ^^t- 

By Holder inequality, Ilf and //f ^^^ bounded by 

|//[,//||<C(£||Vui|U^)(£||Vui||l,.) 
<C{e\\u'\\Hs){e\\Vu'\\l.). 
By commutator estimates. 

Hence 

\III\<Ce\\u'\\H.i\\uY„^+s\\yuYH^^)- 
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Similarly, by commutator estimates 

\ni\ <C£2(||Vui|Uoo|iv2ui||H.-i + \\v}\\HA\V^n^\\L^)\\Vv}\\H^ 

Summing them up, we obtain 

\in <Ce\\nA\„.{\\n'\\l.+e\\VnA\l.). (2.43) 

• Estimate of P . 
In the following, we treat the first term I^ in (|2.40p . By integration by parts thrice, we 
obtain 

By using (|2.I7p . we obtain 

I = OtO^n + / o'(u ■ vn ) 

J n'^ J n'^ 



/2!2M[,,.„.,v.u. + /£^..,u..V„0) 



(2.44) 



/£^a>^.VuO)=:^/f 



In the following, we estimate /| ^ /| while leaving the estimates of If and /| to the next 
two lemmas. For /f, we have 

II <Ce|ia'^A0i|U2(||V(n" + en^)\\L^\\S/ ■ u1||h.-i + 11"° + en^lnAl^ ■ u^Il^.) 

where we have used the commutator estimates (|A.1|) and the fact that nP + en^ are bounded 
from above and below by positive numbers when e < ei is small enough in ()2.5p . Recalling 
Lemma [2.21 and the definition of the triple norm ()1.6p . we obtain 

ii<cii+s'\\\iu\m\i3)\\\{^\m\is+c\\uYHs. 

For /|, we have 

Similarly, /| can be bounded by 

II<Ce\\Acf>Y^.+C\\nY^.+C\\n^],. 
<Cil + \M\\lJ + C\\nA\l., 
thanks to Lemma 12.21 Summarizing, we obtain from (j2.44p 

r <i! + II + c\\uA\l:^ + cWn^H, 

where If and /| will be treated in the next two lemmas. D 

Lemma 2.9. The term /f in (j2.44p can be estimated as 

J|<C(l + £2|||(u\0l)|||?3)(l + |||(u\0l)|||L) + 1110^111^,3, 

for all < e < El for some Si > 0. 
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Proof. Recall that If is given by (|2.44p . By integration by parts, it can be rewritten as 
/| = / — u- • Va^n' + / — [9^, U-] • Vn' =: I^^ + 1:^^. 



• Estimate of I22 ■ 

For the second term I22, we obtain 

Il2<Cs\\d^A^'\\L4[d\u']-Vn'h2 

<Ce\\A^'\\H4\\n'\\H-^ + \\n'\\H'^ + e\\u'\\Hs\\n'\\H^ + e\\n'\\H4^'\\H^^) (2.46) 

thanks to the commutator estimates (|A.1I) in the second step, Lemma 12.21 in the last step 
and the definition of the triple norm in (|1.6p . 

• Estimate o/Jfi. 

In the rest of this lemma, we focus us on the treatment of I21 ■ Recalling the remainder 
equation (|2.2cp (see also (|2.22p '). /fi can be divided into 

ea^A0i , „^,, o,u 2 /-a^A^i 



n, ^ I ^u^ . Va^(.V^) - e^ I ^u^ • 5^VA0^ 



/ £^u^ . a^VA,o - Vi/ ^u^^ • e^^R^ ^: E Ilu 



(2.47) 



In the following, we estimates the four terms on the RHS of (|2.47p . For the first term 
/fxi, we have 



f / V • ( ^ ) |9^V(/.^|^ -£ / 2^9, ( -^ ) 5^a,0^a^9,0^ (2.48) 



+ j ^^"' ■ [5^"°]V0i =: /fni + /Iii2 + /Iii3, 
where w^ = (u^)j = u" + £u]. By using Sobolev embedding H^ ^^ L^ 

\\L^<C + CeW\v}\\l. + W\\]j.), 



which yields for the first two terms on the RHS of p.48p 

|/2m,/|ii2l<Ce(l+e'(||ni||?,3 + ||ui||^3))||V0i|ll,. 
<C{l+e'\\\iu\cp')\\\i,)\\m\\i,. 

For the term I2113, by the commutator estimates (jA.l|) . we have 
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which imphes that by Holder inequahty 



<C(|10i!|?,3 + ||0i|r«.,) + C(l + e2||ui||i.)(e2||9^A0i||i.) 
<Cil + e'\\u'\\l.)m'\\\l,+CUYH:^^ 
thanks to p.Sp . the Sobolev embedding H^ ^^ L°° and the definition of the triple norm 

dni). 

For the first term /212, by integration by parts and Lemma 12.21 "^6 have 

<Cil + emn\u')\\l:.)-e^d-'Ac^YL^ 

<C{l+s'\\\iu\4'')\\\h)m'\\\ls- 
For the third term /fisi by Holder inequality and Sobolev embedding, we have 

For the fourth term ^u, we have by Holder inequality, 

II,,<C\\V~ed-'WR'\\h+C{l + e'\\u'\\U){e^d''A^YH^) 

<Ce{\\W4>'\\h + U'f) + Cil+e^nY^.)(e'\\d''Acb'\\l.) 
<C(l+e2||ui||^OIIl0'"" 



0||2 I r^/^ I ^2i|,,ll|2 \/^2|| 07 A J,l||2 



Is, SI 



where we have used Lemma l2.ll with |a| = s + 1 there and the fact that H^^Hh^+i ~ 
||V(/)i|j//a + |j0i||/fs. Summarizing, we obtain 

II,<C + CU'\\%s+C{l + e'\\\{u\cb')\\\l,)m'\\\l^. (2.49) 

Putting (|2.46l) and (|2.49p together, we end the proof of Lemma [2.91 D 

Lemma 2.10. The term If in (|2.44p is bounded by 

If<-~ /(!^)|a7V0l|2_£!^ /l|a7A0l|2 

^ - 2dt J ^n'^'^ ^ ' 2 dt J n^^ ^ ' 
for all < s < El, for some ei > 0. 



(2.50) 



Proof. Recall that If is given in (|2.44p . From the remainder equation (|2.2cp (see also (|2.29p ). 
If can be divided into the following 



/ 71° + eni / 71° + en^ ^-^ 

In the following, we will estimates the RHS terms one by one. 
• Estimate of Ifi . 



(2.51) 
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1 -L 



1|2 



For the first term Ifi , we have 

J, ^_£^d_ r 1_ 

" 2 dt J n^ + en^' " ' ' 2 

Using Lemma 12.31 and Sobolev embedding, we have 
1 



n" + en 



tWA^ 



1|2 



rv' + en^ 
which yields that 

• Estimate of /j2 ■ 
For the second term 7^2, we have 
ed'^Acj)^ 



\e,3) 



1|||2 
1 1 ie.s- 



Il2 = 



rP + £71 
■nP + en 

3 



j9T(ftn>0 + 



-9T(atn>i) + 



n^ + en^ 

— — -n^dtd^cj)' + 

n" + en^ 



(2.52) 



n" + en^ 



En 



'122 



For tlie first term /i2i; by tlie multiplicative estimates (|A.ip . we have 

l!a'^(atnV)llL^ <Cmn'\\L^U'\\H^ + \\dtn°\\HA\<l^'\\L^) 
<C{U'\\h^ + U'\\hs), 
which yields 

I!2i <C{U'\\h^ + U'\\H^)\\eA<f>'\\H^ 
<C{UT„s + m'\\\lJ- 
For the second term /x22i "^6 have by integration by parts, 

/ V(-- -)ed^Vcj)'dtd^q>' - / (-- .)ed^V(j)'dtVd^(b' 

J n" + en^ J n" + en^ 

/• „o f n^ 

= \7( — )ed''+""\7<l)^dtd''-""<P^+ \7d''U — )ed"'\7(f>^dtd"'~'-"<P^ 
J n'' J n"" 

where 71 < 7 is a multiindex with |7i| = 1. By Lemma 12.41 and Lemma 12.31 we have 

\\dtd^-^^4>'\\h <Cmd-y-^^nY + \m\h-^) 
<C{l + \\\{u\cb')\\\lJ, 

where 71 < 7, |7i| = 1 and hence I7 — 7i| ~ s — 1. On the other hand, by direct computation, 
we have 



|V( — )|Uoo<C(l+e||Vni|U=e)<C(l+e2 
n- 



l£,3 



), 



\^d-'^i-)\\L^<Cil+e^Vn'WU+e\\Vd'^^4>'\\L^) 



<C{l+e 



b'lWlA 
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where we have used Lemma 12.21 and Sobolev embedding. Hence, by Holder inequality, we 
obtain 

+ C\\Vd'^^{—)\\L^\\ed-^V<f>^\\LA\dtd''''''<^'\W- 
<C{l + e'\m\\l,){l + \\\{u\cp')\\\l,), 
where we have used the boundedness of the Riesz operator. Similarly, 



2||Q„1||2 \ ^ /-</i I _2|||/,,1 /1mi|2 



m-)U^<C{l + e'\\dtnrL^)<C{l + e'\\\iu 



n^ 



\e,3h 



which yields that 



7^224 <C'(l+e^|||(u\,/.i)|||?,3)|||0i'"2 



Therefore, /j22 is bounded by 



2dt _ 
For the third term /f23i ^^ have 

<C£2||A0i||2,.+C(||VnO||i.,||9,0i||2,._, + ||5i<^i||i^,||nO||2,O 
<C(l + |||(u\,/.i)|||^_, + |||(u\0i)|||23), 

thanks to Lemma lA.ll in the second inequality and Lemma 12.41 and Lemma 12.31 in the last 
inequality. In summary, /fj can be bounded by 



+ C(l+e2|||(u\0i)|||y(l + |||(u\0i)|||?, + |||(u\</)i)||L?.3). 



(2.53) 



• Estimate of If^ . 

For the third term /j3 , it is straightforward that 

It,<C{l+e^Acb'fHs)- (2.54) 

• Estimate of I^^ . 

For the fourth term /j4, we have 

-2|| A J,l||2 I /-. /-Il J,l||2 , ^lla i.l||2 



<C(l + |||(ui,r^i^N,2 ^ 



(2.55) 



where we have used Holder inequality in the first inequality. Lemma 12.11 in the second in- 
equality. Lemma 12.41 in the third inequality and Lemma 12.31 in the last inequality. Here, we 
also have used the fact that H^f^^HHs ~ ||9t(/)-'^||jLfs-i + j|9f9"V(/>^||i2 with I7I = s — 1 and 
||</'^||h-'-i < 110^11-H"'- for all integers s > 0. 

By (HSJ), using ((232|) . ((233)) . (|234)) and ((235)) . we obtain the estimate ((230)) for /^ D 



Now, we can end the proof of Lemma [27 
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End of proof of Lemma\2M By using ((2:40)) . the estimates of (EU]), (HH]), ([2:43)) and 
()2.45p , and Lemma 12.91 and 12.101 we close the proof of Lemma 12.81 D 

Summarizing these lemmas, we obtain the following 

Proposition 2.2. Let s > be a positive integer, (n^ ,u^,(f)^) be a smooth solution for the 
system (|2.2p . There exists ei > and C, C" > such that for any < e < e\, there holds 

e\\Vn\t)fH.+s\\\/cb\t)\\l.+e'\\Acf,\t)fH. 

+ C Al + £2|||(u\0i)|||?,J(l + |||(u\0i)|||?,, + |||(u\^i)|||^,3)dT. 
Jo 

where C depends only on a' and a" . 

Proof. This is shown by integrating p.39p over [0,t] and summing them up for I7I < s, and 
then using a' < rP < a" and a' jl < rf < la" for any t S ^,T^\ in (fO)) and (|23)) for 

<£<£!. D 

2.5. End of proof of Theorem 11.31 Now, we are in a good position to end the proof of 
Theorem 11.31 



Proof. Let s > 7 be an integer. By Proposition 12.11 and Proposition 12.21 and recalling the 
definition of the norm (|1.6p . we obtain the following Gronwall type inequality 



(u\0i)(i)|||^.,<C'C,(O) 

/•* (2.57) 

+ C {l+s'\\\{u\cp')\\\l,){l + mu\c^')\\\lJdr, 



/o 

where Ce(0) = |||(u-^, (/)-^)(0)|||g_^ and we have used the fact that ||| • |||e_3 < ||| • |||e,s for s > 3 
From ()2.4p . there exists ei > such that for any < e < Si, e'^|||(u^, '/'^)|||£ 5 < 1, and hence 
(P37)) yields 



u\cl>'m\\\l,<C2CM + C2 (l + |||(ui,0i)||L?_JdT, (2.58) 



where C2 = max{C", 2C}. On the other hand, from Lemma[121 there exists constant C3 > 1 
such that 

\\n\t)\\l.<C,il + \m\\lJ. (2.59) 

Let Co = supo<^<i Ce(0). We let C in dH]) satisfy C > 2C3(1 + C2Co)e^^^- , then from 

\\\iu\<p')\\\l^<il + C2Co)e^-^^'<C, 
and hence from (|2.59p 

\\n\t)\\l., < Csil + (1 + C2Co)e^'^') < C. 

Then by the continuity principle, it is standard to get the uniform in e estimates for 
|||(n-^,u-^,(/)^)|||e^s- In particular, for every T' < T, e~^(n'^ — n") and e~^(u^ — u°) are bounded 
in i°°([0,T']; i7*) and L°°([0,T'];H*), respectively, uniformly in e for e small enough for 
some s < s' . D 
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Appendix A. Commutator estimates 

We give two important inequalities which are widely used throughout this paper [111 
Lemma XI and Lemma X4] . 

Lemma A.l. Let a be any multi-index with \a\ = k and p G (l,oo). Then there exists some 
constant C > such that 

\\d^if9)\\L. <C{||/|U..||5ll^.,.. + \\f\\H^...M\L^4, 

I|[5,",/]5||l. <C{|!V/|U.,||g||^._,^,, +||/||^.„3||.g|U.4, ^ " > 

where f,g & S, the Schwartz class and p2,P3 G (1, +oo) such that 

11 11 1 
P Pi P2 P3 Pa' 



[i; 

[2 
[3 
[4 
[5 

[6: 

[7: 

[s: 

[9: 
[lo: 

[11 

[12 

[is: 

[14 
[15 

[16: 
[17: 
[is: 

[19 

[2o: 

[21 

[22' 
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